J Math Chem (2012) 50:1550-1569
DOI 10.1007/s10910-012-9988-7

ORIGINAL PAPER

An analytical approach to solutions of master equations
for stochastic nonlinear reactions

Chang Hyeong Lee - Pilwon Kim

Received: 12 August 2011 / Accepted: 22 February 2012 / Published online: 13 March 2012
© Springer Science+Business Media, LLC 2012

Abstract In this paper we consider a class of nonlinear reactions which are impor-
tant in stochastic reaction networks. We find the exact solution of the chemical master
equation for a class of irreversible and reversible nonlinear reactions. We also present
the explicit form of the equilibrium probability solution of the reactions. The results
can be used for analyzing stochastic dynamics of important reactions such as bind-
ing/unbinding reaction and protein dimerization.

Keywords Stochastic nonlinear reactions - Solutions of chemical master equations -
Equilibrium probability

1 Introduction

Stochastic modeling of chemical or biochemical reaction networks is used when small
biochemical reaction systems are studied. Traditionally, continuous description of the
system has been utilized for long time. However, when the entire dynamics of the chem-
ical system are characterized by interactions of small number of reactant molecules,
the continuous description fails to explain the stochastic effects such as fluctuation.
To capture such effects properly, discrete stochastic description has to be adopted.
The discrete stochastic modeling describes how the molecular number of each spe-
cies evolves in the system. A vector variable n(t) = (n1(z), n2(t), ..., ng(t)) is used
to denote the molecular number, where n; (¢) is the molecular number of ith species
at time ¢. Since the molecular interactions are stochastic in nature, n(¢) is a random

C. H. Lee (X) - P. Kim

School of Technology Management and School of Mechanical and Advanced Materials Engineering,
Ulsan National Institute of Science and Technology (UNIST), Ulsan Metropolitan City 689-798,
South Korea

e-mail: chlee @unist.ac.kr

@ Springer



J Math Chem (2012) 50:1550-1569 1551

vector. Under the Markovian assumption, n(z) is a continuous-time Markov process
with discrete states. If we denote Pr{n(¢) = n} by p(n, t), we can write the governing
equation, so-called chemical master equation as

d
P = Zelmm — Vo) - pn— Vi, 1) — ;RZ(“) -p(n, 1), (1

where Ry is so-called the propensity function for the ¢th reaction and V; is the £th
column of the stoichiometric matrix V that is the matrix whose (7, j)th component
represents the stoichiometric amount of the ith species changed by the occurrence of
the jth reaction [1]. The propensity R¢(n) is computed as

Re(m) = cohe(m), @)

where ¢y is the probability that the fth reaction occurs per unit time and A, (n) is
the product of the numbers of reactants of the £th reaction, which is computed by
mass-action kinetics.

All accessible states of the system and transitions between them can be formulated
in a Markov chain. We let the vector a’ denote the ith state of n and define the vector
p(®) as pi(t) = Pr(n(t) = a'), where pi(2) is the ith entry of p(¢). By labeling all
accessible states n and computing transition rates R(n) between them, the evolution
of the system can be completely described by a Kolmogorov equation of matrix form,
which is equivalent to Eq. (1),

dp(t)
7 Kp(1), 3)

where K is the matrix of transition rates between the states, defined as

K — Re(n) ifal =a/ + V,forsomel =1,...,r
v 0 otherwise.

Here K is a Markov chain generator, i.e. Zi K;j = Oforeach j,and K;; > 0 for each
j#i.

The formal solution of (3)

p(t) = eX'p(0) 4

describes how the system evolves exactly. However, if there are nonlinear reactions,
it is difficult to find the analytic solution of (3), since it is not simple to identify the
matrix K. Moreover, K is a big and sparse matrix for most of complex systems and is
infinite-dimensional if the state space of the system is unbounded. In such cases, the
solution of (4) is not easy to find even numerically.

The nonlinear reactions such as bimolecular reactions are ubiquitous and impor-
tant chemical processes in biological networks. For example, the enzyme-substrate
binding, ligand binding and dimerization can be considered as bimolecular reactions.
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Although the exact solution of bimolecular reactions are hardly obtained as mentioned
before, there have been works for finding the solution of master equations of some
bimolecular reactions; McQuarrie found the equilibrium solutions of certain bimolec-
ular reactions including A+ B — C,2A — B+C, A+ B — C+ D by utilizing the
generation function [2]. Laurenzi obtained the exact solution of the irreversible reac-
tion A+ B — C by applying Fourier transform and found the equilibrium probability
of the reversible reaction A + B : C [3].

In this paper we explicitly represent the solutions of nonlinear reactions includ-
ing fundamental bimolecular reactions. This work is distinguished from the previous
works in that all types of bimolecular reactions are considered in a unified framework.
To authors’ knowledge, no works about finding the exact solution of master equations
of general nonlinear reactions have been done yet.

The outline of the paper is as follows. In Sect. 2, we find the exact solution of the
general form of nonlinear irreversible reactions of the type aA +bB — ¢C +d D and
study some exemplary cases. In Sect. 3, we present an explicit expression of stochas-
tic solutions of reversible reactions aA +bB _ ¢C + d D and find the equilibrium
solution of the reversible reactions. Throughout this paper, a vector and a matrix are
denoted by a boldfaced small letter and a capital letter, respectively.

2 Irreversible reactions

2.1 Stochastic solution of general irreversible reactions

In this section we deal with a class of irreversible stochastic nonlinear reactions
aA+bB 3 cC +dD. 5)

involving four species. Here the species A, B, C and D are all distinct and a, b, ¢ and
d are nonnegative integers. ¢ is the probability rate constant for the reaction [1]. We
denote the molecular number of species A, B, C and D as n;(t),i = 1,2, 3,4 at time
t, respectively and initial molecular numbers as ag, by, co and dy, respectively. The
stochastic dynamics of (5) are described by a Markov chain with transition diagram
of all states as

(ao, bo, co, do) — (ap —a,bo —b,co+c,do+d) — ---
— (ap — Ma,byg — Mb,co + Mc,dy + Md),

where M is the largest positive integer that satisfies min{ag — Ma, by — Mb} > 0.
We denote each state of the above Markov chain by

Si = (ao — (i = Da,bo — (i —1)b,co+ (i — D¢, do+ (i — Dd)),
i=1,....,.M+1

Let «; be the transition rate from S; into S;11. That is, «; is the propensity and by (2),
it is computed as
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ap — (i — Da\ (bo — (i — )b
T

foreachi =1, ..., M and «; are all distinct [4]. Here

n _ n
(k) T klm =k

Using these notations, one can describe the stochastic dynamics by

SIS 5B s (6)

Remark Note that the stoichiometry of (5) is V = [—a, —b, c, d]” and the basis
matrix of the nullspace of V7', N[V 7] is obtained as

A=

UL OO
S AU O
S O

0
b
a
From the matrix A, one can obtain the conservation quantities as

cny +ansz = Ly, dny +bng = Ly, dny +ang = L3,
where

L =cag + acy, Ly = dbg + bdy, L3 = dag + ady.

Using these conservation quantities, one can identity each state S; by the state of one
of the four species, say A.

The governing equation of the Markov chain (6) is

dp_

7 Kp @)

and the transition-rate matrix K is given by

—a; O 0 0 e 0
ar —ar O 0 - 0
0 o) —o3 0 -0

K = e ®)

apy—1 —Qy 0
(0974 0_

To describe the stochastic dynamics, we find the exact solution of (7); Since K
is a lower triangular matrix, all eigenvalues of K are the diagonal entries 0 and
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—a1, ..., —oy, and they are all real and distinct. The governing equation is writ-
ten as
dpi
L 9
T 1P1 )
dp>
e — 10
g Y- oap (10)
= (11)
dpm
% =oM-1PM-1 — XM PM (12)
dpm+1
AT o 13
r MDPM (13)
If we assume p(0) = e; where e is the unit vector (1, 0, ..., 0), then we find the

solution of the above system as follows.

—oqt

pit) =e
e}
o — o

(efolzl _ efout)

p2(1) =
After some computations, one can find the formula for general cases;

e k+1t

pi(1) = H%HZ —

j=o(@jt1 — Wer1)
J#k

fori =2,..., M, and

M
pusi(t) =1=D" pi(1).

i=1
2.2 Special cases of irreversible reactions

Using the results in Sect. 2.1, we study some special cases of the reaction

aA+bB % cC+dD.

(CaseI) d = 0 and a, b, ¢ are non-zero.
In this case, we have a reaction system

aA+bBﬂ>cC.
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Allpossible states are S; = (ap—(i—1)a, bo—(i—1)b, co+(i—1)c),i =1,..., M+1,
where M is the largest positive integer that satisfies min{ag — Ma, bo — Mb} > 0.

ap — (i — Da\ (bo — (i — )b
()

fori = 1,..., M. The same argument is applied for the transition-rate matrix and
the solution of the governing equation as in Sect. 2.1. Note that each state S; can
be identified by (a9 — (i — 1)a) of species A, since there are conservation quantities
cny +any = Ly, cny + bny = Ly where L1 = cag + acy and Ly = cbg + bcg are
constant.
(CaseIl) b = d = 0 and a, ¢ are non-zero.

In this case, a reaction system is

aA S cC.

All possible states are S; = (ap — (i — 1)a,co+ (@ — 1)c),i =1,..., M+ 1, where
M is the largest positive integer that satisfies a9 — Ma > 0. In this case, for each

i=1,....,. M,
(ao—(i—l)a)
o] = C1 .
a

The conservation quantity is cny 4+ anp, = Lj where L1 = cag + acg. Using these
conservation quantities, one can identity each state S; by (ap — (i — 1)a) of species
A.

In Table 1, we find the state S; and «; for four typical irreversible reactions.

In Fig. 1, we illustrates the transient probability and the probability distribution
obtained by the formulas in Table 1 for the binding reaction A + B — C under the
initial condition (40, 30, 0). The results are compared with simulation results by the
direct method of the stochastic simulation algorithm.

3 Reversible bimolecular reactions
3.1 Solution of the general bimolecular reversible reactions

In this section, we deal with a class of reversible stochastic nonlinear reactions

c1
aA+bB  cC+dD
c—1

involving four distinct species A, B, C and D and we find the exact solution of the
master equation of the reactions.

Without loss of generality, we assume a > b and ¢ > d and initial numbers of
species A, B, C and D by ay, by, co and dy, respectively. All possible states can be
denoted by
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Table 1 Typical irreversible bimolecular reactions. S; are accessible states in Markov chain of the type of

the reaction

Reactions Valuesof S;,i=1,....M+lande;,i =1,..., M
A+B 3 ¢ s; (ag—i+1,bg—i+1,c0+i—1)
a cilag—i+ 1o —i+1)
M minfag + 1, bg + 1}
A+B L c+D S; (ap—i+1,bg—i+1lco+i—1,dy+i—1)
o cilag—i+ Dby —i+1)
M min{ag + 1, by + 1}
24 4 ¢ s; (ap—2G —1),c0+i—1)
a; F (@ —2G =)@ —2G 1) - 1)
M 9 1 1evenag), %L + 1(odd ag)
249 c+p S; (ap—2G —1),co+i—1,dy+i—1)
o S (ap —2G — 1)) (ao—z(i—l)—n
M QL+ 1even ag), 20 L 4 1(0dd ag)

Since all «; are identified, one can find the exact transient probability solution of the reaction by using (16)

and (17)

027
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Fig. 1 Under the initial condition (40, 30,0) of A + B — C, transient probabilities obtained by exact
formulas (14)—(17) and the direct method of stochastic simulation algorithm(SSA) for a the state S1¢ and

b Sy¢. Probability distribution for all accessible states S;,i =1, ...,
40 —i+1,30—1i+ 1,i — 1). The results by SSA are based on 10,000 realizations

Here S; =

3lattimesct =0.2s andd t = Is.

Si =(ay+Na—(G—1Da,bop+ Nb— (G —1)b,co— Nc+ (i — 1)c,dy

—Nd+ (i —1)d),
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fori =1,..., N+ M + 1. Here M is the largest positive integer that satisfies

b
Mfmin[@,—()],
a b

so that ag — Ma > 0 and bg — Mb > 0, and N is the largest positive integer that
satisfies

d
Ngmin[c—o,—o],
c d

so that co — Nc > 0 and dy — Nd > 0. We let «; be the transition rate from the state
S; to ;41 and let B; be the transition rate from S;41 into S;. One can find

(ao +Na— (i — 1)a) (bo +Nb—(i — 1)b)
o; = C1 )

a b
and
co— (N —i)c\ [do— (N —i)d
Bi =c-1 :
c d
foreachi =1, ..., N + M. One can describe the stochastic dynamics by the Markov
chain
LI
Sl =+ 2 Snyms- (18)

Bi B2 BN+M

The governing equation of the Markov Chain (18) is

P _ p (19)
a - P
and the transition-rate matrix K is
r—a; B 0 0 0
ap —(a2+B1) B2 0 0

0 %) —(a3+ B2) B3 20)

- —(@N+M t BN+M-1) BN+M
L AN+M —BN+m

Note that K is a tridiagonal matrix. Before we do a detailed analysis on K, we briefly
go over the properties of the tridiagonal matrix; A tridiagonal matrix is the matrix
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which has zero entries below the first subdiagonal, and zero entries above the first
superdiagonal. Thus the generic form of a tridiagonal matrix G is

[g11 812 0 0 0
821 822 823 0 0

0 g32833 &34
o 1)

8n—1,n—-2 &n—1,n—1 n—1,n
8n,n—1 8n,n |

Note that if the matrix G is a real tridiagonal matrix and satisfies g; ;+18i+1.; > 0 for
alli = 1,...,n — 1, then it is similar to a symmetric matrix [5]. Since a symmetric
tridiagonal matrix without any zero off-diagonal elements has real distinct eigenvalues
[71, all eigenvalues of the matrix G are real and distinct. Since the matrix K in (20) is

a tridiagonal matrix with ¢; 8; > 0,i = 1, ..., N + M, all eigenvalues of K are real
and distinct.
We denote each eigenvector of K by w;,i = 1, ..., N + M, and the corresponding

eigenvalue by A;,i = 1,..., N + M. We write
Ku; = aqug, K2y = 2fwg, .. KV MLy = a VAV Hy,
The matrix K has only one zero eigenvalue and we let A; = 0. In the matrix form,
KU=UA, K*U=UA?%..., KNtMHy = g AN+MAHL
where
U=lu|u] - - laytms1l, A=diagry, ..., Anym+1).
Since U is invertible, one finds
K"=UA"U",
form=1,..., N+ M + 1. Thatis,form=1,..., N+ M + 1,

N+M+1
[K™lij = D Mvijk (22)
k=1

where y; jx = UirU ,:jl. Thus, to compute y; j «, we find all eigenvectors, which will
require cumbersome computational works. Here we show how to find the constant
¥i,j k even without finding eigenvectors u; as follows;
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First notice that (22) gives a system

Kij M A2 AN4M+ Vil
K2 )»2 )»2 . )\2 sJs
ij _ 1 2 N+M+1 ]/i’j’z
N+M+1 : : N
K N+M+1 3 N+M+1 N+M+1 Vi i N+M-+1
i L2 Ay T ANEMA B
o1 1 1
) ) N AMYijn
3 1 2 ANEMA4 Mavijio
N+M o N+M N+M ANAM+1Vi, j,N+M+1
LA A5 e ANM4 +M+1Vi, j,N+M+

Since all A; are distinct, the Vandermonde matrix

1 1 1

Al A2t ANHMA+I
H = . .

N+M | N+M N+M
’\1 )‘2 T )‘N+M+1

has its inverse [5] and its inverse matrix W is explicitly written [6] as

N+M+1—j
(DN oy g
N+M+1

H (Ai — X))
i—1

‘]._ .
J#

W,'j =

)

where o; j isdefinedfor j =1,..., N+ M + 1 as
U]ﬁj =1

and

N+M+1 N+M+1 N+M+1  i—1

0i,j = Z Z Z Hkrm,fori=2,...,N+M+l.

ri=1 r=ri+1 ri—1=ri—2+1m=1

rn#Ej n#Ej ric1#J

Thus, from the equation

AYi,j1 Kl21
Aa2Yij2 — ! Kij

AN+M+1Yi,j N+ M+1
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one can obtain, for k > 2,

N+M+1 m
2 WemKij
Y '

Yijk =

(Note that A1 = 0 and thus y; ; 1 is not defined from the above equation.) Therefore,
the solution P () is given by

o0

tm
Pij(t) = (X)ij = D" —(K™);j
P m:
00 N+M+1
3075 )
m= 0
N+M+1
)™ .
= Z Vi,j,kz o +¥i,j,1, since A} =0
N+M+1

t
= z Yij k€ + Vi
k=2

N+M+1 N+M+1
z km(Km)ij Akt

= > : Mty (23)
= A

Here note that y; ;1 is the equilibrium value of P; j(¢) as t — o0, since all A; <
0,k > 2, and if a deterministic initial condition p(0) = e; is given, y; j 1 is explicitly
computed as follows (see Sect. 3.3 for details);

( iVJMﬂk)( i;llak)

ZN+M (Hk 1ak) (Hk J-‘rl )

Vij,1 =

Thus, for a given initial condition p(0), i-th entry of the solution p(¢) is

N+M+1 N+M+1 N+M+1
P = D> D ik pi0)+ Z vi.j10;(0)

N+M+1 N+M+1 N+M+1 Wk WK Na-M+1

= Z Z 0 ot (0) + > viapi). 24

j=1
Especially, if a deterministic condition p(0) = e is given, then
N+M+1 N+M+1

N+M+1 m
Wi (K™)i1
pi)= > vk = > L= " M . (25)
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To find the eigenvalues A in Egs. (24) and (25), we consider a recursive formula for
finding the determinant of a tridiagonal n x n matrix G [5]:

detG = 8n,n detG,—1 — 8n.n—18n—1,n det G2, (26)

where g; ; denotes (i, j)th component of G and G; denotes the submatrix formed by
the first i rows and the first i columns of G. From the recursive formula (26) of a tridi-
agonal matrix, one can obtain recursive equations of the eigenvalues as follows; Let the
characteristic polynomial fyya+1(A) of K be fyip41(A) = det(Ay4+py+1—K) and
let the characteristic polynomial f;(X) of the submatrix K; be f;(A) = det(Al; — K;)
foreachi = 1,..., N + M. Since all matrices (LI; — K;) are tridiagonal, we have
recursive formulas for fp4+1(A)

INtm+1(A) = —(BN+m + 2) fn+m () — an+m BN+m fn+m—1(2) (27
fi) = —(@i + Bi—1 + M) fi-1(V) —oi—1Bi—1 fi2(V), i =3,..., N+ M

(28)

SA) = (a2 +pi + )1 +A) —aapi, i) =—o1 —A. (29)

By solving the recursive formulas, one can find all eigenvalues of K.

In the next section, we focus on fundamental nonlinear reactions. Note that after
identifying «; and B;, one can find the expression (23) of the solution of the bimolecular
reactions.

3.2 Special cases of reversible reactions

In this section, we study some special cases of the reversible reactions in Sect. 3.1.
We denote the initial number of species A, B and C by ag, by and cg, respectively.
(Case I) Consider

c1
aA+bB__cC.
c_1

S; =(y+ Na— (G —1a,bo+ Nb—(i—1)b,co— Nc+ (i —1)c),

andfori =1,..., N+ M,

(ao+Na—(i—1)a)(bo+Nb—(i—l)b) (co—(N—i)c)
o = . Bi=ca :

a b c

Here M is the largest positive integer that satisfies M < min{’i—", %}, and N is the
largest positive integer that satisfies N < %0.
(Case II) Consider

C1

aA_"cC.
c_1
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Table 2 Typical reversible bimolecular reactions

Type of reactions Valuesof S;,i=1,.... N+ M+ 1lande;,B;,i=1,...., N+ M
Cl
MWA+BC S (ap+N—i+1,bg+N—i+1,cg—N+i—1)
c—1
a; cilap+N—i+1DMbo+N—-i+1)
Bi c—1i
M,N M =minf{ag, by}, N =cg
Cl
IDA+BZC+D & (@y+N—i+1,bg+N—i+1l,co—N+i—1l,dy—N+i—1)
-1
o cilap+ N —i+1)(bg+N—i+1)
Bi c_1(co— N +i)(dy— N +1)
M,N M =min{ag, by}, N = min{cg, dp}
1
(242 C S; (ag +2(N —i+1),co+i—1—N)
c—1
o F(ap +2(N —i + D) (ag +2(N —i) + 1)
Bi c_qi
M.N M =%venap), M=% 0ddag), N=co
‘1
(IV)2AZC+ D S (ag+2(N —i+1),co+i—1—N,dy+i—1—N)
c_1 )
a; F@p+2(N—i+1))ag+2(N—i)+1)
Bi c_1(co+i—N)dy+i—N)

M,N M =%venap), M= (0ddag), N =min{co,dp}

All accessible states S; of Markov chain and the propensities «;, B; are identified for each type of reversible
reactions. Using this table and Egs. (24) and (25), one can find the exact transient probability solution of
the reaction

We denote, fori =1,..., N+ M + 1,
Si=(a+ Na—({—1a,co—Nc+ (i —1)c),

andfori=1,..., N+ M,

a c

(ao + Na — (i — 1)a) (co — (N — i)c)
o = C1 . Bi=c .

Here M is the largest positive integer that satisfies M < ‘;—0, and N is the largest
positive integer that satisfies N < %"

In Table 2, we summarize four typical but important stochastic bimolecular reac-
tions. Details are given in Appendix.
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3.3 Equilibrium solution

Equilibrium probability distribution describes how the stochastic dynamics of a chem-
ical reaction network are balanced at the end. It is a challenging problem to find ana-
Iytic solutions of equilibrium probability for nonlinear reactions [2,3,8]. The equilib-
rium probability solutions of general bimolecular reactions can be obtained as explicit
expressions by using linear operator theory and finding the term a; ;1 of the exact
transient probability solution (23) in Sect. 3.1. Since the matrix K is diagonalizable,
one can write from linear operator theory [9],

K= (0.
k
where Qy is the eigenprojection corresponding to the eigenvalue Ay that is defined as

1
Or=—z— [ R, K)dx,

2mi
C

where Cy is a positively-oriented small circle enclosing Ay but excluding other eigen-
values of K, and R()\;) is the resolvent of K defined as R(A, K) = (K — Al)~ L.
Since

P(r) =X = Ze”'Qk,
%

and 1y < O except A1 = 0, lim;—, o, P(t) = Q1 at the equilibrium. Here Qg is the
eigenprojection of the zero eigenvalue, and it is known from linear operator theory
and Markov chain theory that Q| can be computed by Q| = ITE [9]. Here IT is the
(N + M + 1) x 1 matrix, which is same as the column vector p(co) and E is the
1 x (N + M + 1) matrix, which is same as the row vector of ones, i.e.

p1(00)

p2(00)
. and E=11,1, ---, 1].

PN+M+1(00)
Thus, from Eq. (23), one obtains

tirgo Pij(t) = aj j1 = (Q1)i,j = (TTE);,j = pj(00).

Moreover, if a deterministic initial condition p(0) = e; is given, one can find the
equilibrium probability p(oco) explicitly; It is known that the exact solution is written
as
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N+M+1

p) = D uhHi, (30)

i=1

where (ul’f)l is the first entry of u;‘ for a given deterministic initial condition p(0) = e;
[10]. Thus, in Eq. (30), as t — 00, one obtains the solution at equilibrium

p(c0) = lim p(r) = (u)uy, (€29)
1—>00
where u; and uj are eigenvectors of K and K T corresponding to 0 eigenvalue. Since
u = (uyg, ..., uN+M+1)T is the eigenvector corresponding to A = 0, one has
Ku; =0. (32)

If one solves Eq. (32), one can find a recursive formula

o
Uj+1 = Ui,

Bi
foreachi =1,..., N + M. Thus, for each i,

1A

== u
Bi—1Bi—2--- P1

u; 1-

By choosing u; = 1 and using > ; p;(00) = 1, we can obtain

N+M+1

1:@h§:mﬂm(ug+-

i=1

 ONIMOANM-] "'0!1)
BN+MBN+M—1--+ B

Thus,
1
]_l* = —,
( 1)1 A
where

(33)

aq OIN+MEN+M—1 U]
A=(1+2 4+ 4 )
( Bi BN+MBN+M—1--+ B

Therefore, the equilibrium probability of the state i is

pi(00) = 1 (Olilolizmotl)
l A\Bi1Bi2--B1)’
or using (33), one obtains
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Table 3 Equilibrium probability of reversible bimolecular reactions

Type of reactions Equilibrium probability p; = %
c1 . | NtM
MHA+BC 0 (e e MM T =N+ k)
c-1 k=i

i—1
[J@w+N—k+Dwo+N—-k+1)

k=1
N+M ] |
P> (el e MM @+ N —k+ Dbo+ N —k+1)
j=0 k=1
N+M
{ 11 (c0N+k):|
k=j+1
] ) | NtM
IA+B=C+D  Q () NeopN M T (o= N +k)(do— N +k)
-1 k=i

i—1
[J@w+N—k+Dwo+N—-k+1)

k=1
N+M . . J
P> (el eV M @+ N —k+ Dbo+ N —k+1)
j=0 k=1
N+M
{ I1 (cO—N+k)(do—N+k):|
k=j+1
cl ) ) N+M
(I 24— 0 (/) e pNHMHI [ [T @-~+0
c_1 k=i
i—1
[ @0 +2(N =k + D)@ +2(N — k) + 1)
k=1
N+M ' N
Py ((¢-1/2)J(c1)N+Mf [ ] @o+2(N—k+1))(@g+2(N—k)+1)
j=0 k=1
N+M
H (co— N +k)
k=j+1
cy ) ) N+M
(IV)2AC+D 0 (/2" eV T (o= N+k)do — N +k)
c_q k=i

i—1
{H(ao +2(N —k+ 1)(ag +2(N — k) + 1)}
k=1

~v

N+M ) |
> | 1/ )N T (a0 +2(N—k+ 1) (ag+2(N—k)+1)

j=0 k=1

N+M
[ co=N+kdo—N+k)
k=j+1

Using Table 3, one can find the explicit expression for equilibrium probability p; of each state S; described
in Table 2
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P o= 03 T ]
0% 0% 4

2" % i ..

5 5

& H a

IIIIIM -IFI r!| ‘UNHI_ - |
State S i=1...21 “ Stale S, i=1,..21
Rt "
@Aa+B__—C p) A+tB —C+D
(b)
== =
03 0

2. I z

E 'Z: 02

& 2 m g ok }

0 ——.:I_-——--T'—-._En_-l-'l-—ul- 0 I_{A|:II;,!-—---—IAG———‘-n i i _J]l m e

® ¥ O [
State 5, i=1,.,16 State 5, i=1,.,16

C
(d)2A:10+D

C1
c —_—
(©24— ¢ =

c_1
Fig. 2 Equilibrium probabilities of each case of Table 2, obtained by exact formulas in Table 2 and the
direct method of stochastic simulation algorithm (SSA). ¢ = 1s~1, c_| = 55~ 1. Initial conditions are
an(0) = (30,20,0), bn(0) = (30, 20,0,0), cn(0) = (30,0), d n0) = (30,0, 0). The states S; are a
Si =0B0—i+1,20—i+1,i—1),i=1,...,21,bS; = (30—i+1,20—i+1,i—1,i—1),i =1,...,21,
cS;=0C30-2G—-1),i—1),i=1,...,16,andd S; = 30—-2(G —1),i —1,i —1),i =1,...,16. The
results by SSA are based on 10,000 realizations

(e i ﬂk) (Hf;ll Olk)
S (T o) (T2, Be)

pi(00) = (34)

foreachi = 1,..., N+ M + 1. Equation (34) can be used for finding any equilibrium
probability of any type of reversible reactions aA + bB__ c¢C + dD. Especially, in
Table 3, we present the explicit expression for the equilibrium probability of the four
bimolecular reactions in Table 2 by using (34). In Fig. 2, we compare the equilibrium
probability of the four reactions under certain initial conditions.

4 Conclusion

In this paper, we presented the analytic methods for finding the solutions of stochas-
tic master equations for a class of nonlinear reactions including typical bimolecular
reactions such as binding and dimerization. We found the explicit formulas for time-
dependent probability solution and equilibrium probability solution from chemical
master equation of bimolecular reactions. The results can be used for finding exact
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analytic solutions of the stochastic master master equations for a class of bimolec-
ular reactions without stochastic simulation. We expect that the methods presented
in this paper will be helpful for analyzing complex reaction networks with nonlinear
reactions.
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Appendix
Important bimolecular reactions

(CaseD) A+ B C
First we consider a reaction system

1
A+B_C.
-1

Suppose the initial condition n(0) = (ag, bg, cp). Since there is a symmetry of A
and B in the system, without loss of generality, we can assume ag > by. Transitions
between all states are described by a Markov chain

(a0, bo, 0) = (ao — 1,bg — 1, 1) = (ap — 2,bp —2,2) <~ -~

— (ap — by, 0, by).

We define S; as the state (ag +co —i + 1,bg +co —i + 1,i — 1) for eachi =
1,...,b0 + co + 1. By defining o; = c1(ap +co —i + 1)(bo +co —i + 1) and
Bi = c—1i, i.e., o; = the transition rate from the state S; to S;+| and 8; = the transition
rate from S;4 into S;, we have the Markov chain

where n = by + co + 1.

(CaseI):A+B_ > C+D

Suppose the initial condition n(0) = (ao, bo, co, dp). Without loss of generality,
we assume ag > bg and ¢y > dy. We define each state S; = (a9 +do — i + 1, by +
dy—i+1,co—do+i—1,i —1)fori =1,2,...,bg+dy+ 1. Then one can see a
Markov chain

aq 2% Op—1
Sl<—52<—"'<—Sna
Bi B2 Bn—1
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where n = by + dg + 1. Thus, the transition rates are
a;i =cilap+do—i+ 1)(bo+do—i+1), Bi =c—1(co—do+i)i,

fori =1,2,...,bo + dp.
(Case III): 2A > C
Suppose the initial condition n(0) = (agp, cp). Let

agp . .
—, ifagpiseven

M = ap — 1

, ifagis odd

If we define each state S; = (a9 +2(co —i +1),i —1),i =1,2,.... M +co + 1,
we obtain a Markov chain

Qo>
Sl (—S2<— (—Sn,
Bi B2 Bn

where n = M + cg + 1. The transition rates are
C
o = El(ao +2(co — i+ D)(ao +2(co — i) + 1), Bi = c—1i,

fori =1,2,..., M + cop.
(CaseIV):2A > C+D
Suppose the initial condition n(0) = (ao, co, dp) and assume cy > dy. Let

agp . .
—, ifagiseven
M = ag — 1

2

, if ag is odd

Weleteachstate S; = (ap+2(do—i+1), co—do+i—1,i—1),i =1,2,..., M+dy+1.
Then we have a Markov chain

o] o2 On—1
Sl(—SZ<—"'<—Sn,
Bi B2 Bn-1

where n = M + dy + 1. Thus, the transition rates are
c
0 = = (ao +2(dy — i + 1)) (@ +2(do — i) + 1), f; = crifeo —do +1).
fori =1,2,..., M+ dy.
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